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, Birkhoff-Gustavson (BG) . ,
. $\mathrm{R}^{2}\mathrm{x}\mathrm{R}^{2}$ ,
. ( ) Ll . ,
, $\mathrm{R}^{2}\mathrm{x}\mathrm{R}^{2}$ $(q,p)$ ,
$K(q,p)= \frac{1}{2}\sum p_{j_{j}^{2}}+q_{j}^{2})+\sum_{-}^{\infty}K_{k}(q,p)2$
$C^{\infty}$ $K$ (q, $p$) $2)$ 1 ODE,
$\frac{dq}{dt}=\frac{\partial K}{\partial p}$ $\frac{dp}{dt}=-\frac{\partial K}{\partial q}$ ,
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(i) 2 , 2 $K$ (q, $p$) ( (1)) 2
.
(ii) $s$ $(3<\leq\exists\rho),$ (i) 2 Poisson .
(i), (ii) , $\lceil_{\beta}$ Birkhoff-Gustavson(BG) .
$\mathrm{B}\mathrm{G}$ . $K$ (q, $p$) $\mathrm{B}\mathrm{G}$
, 4) .
( ) , ( )
. ( )






. , $\lceil \mathrm{B}\mathrm{G}$
, ,
[3,4,5]. , 4 $\mathrm{B}\mathrm{G}$
[6] .
$\mathrm{B}\mathrm{G}$ 3 2
(3-PHO) 7), , 8) .
2 Birkhoff-Gustavson
2.1 $\mathrm{B}\mathrm{G}$ ( )
3 (3-PHO) $\underline{4\backslash \prime\lambda \text{ }}\mathrm{B}\mathrm{G}$ ( )
. $\mathrm{B}\mathrm{G}$ [1] , $[5,7]$ .
$\mathrm{B}\mathrm{G}$ $K(q,p)$ 3-PHO . ,
$K(q,p)= \frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j}^{2})+(f_{1}q_{1}^{3}+f_{2}q_{1}^{2}q_{2}+f_{3}q_{1}q_{2}^{2}+f_{4}q_{2}^{3})$ $(1’)$
. , $f_{h}(h=1, \cdots, 4)$ . 2 9)
$W(q, \eta)=\sum_{j=1}^{2}q_{j}\eta_{j}+\sum_{k=3}^{4}W_{k}(q,\eta)$ $(3)$
( )
$(q,p)arrow(\xi,\eta)$ with $p= \frac{\partial W}{\partial q},$ $\xi=\frac{\partial W}{\partial\eta}$ , (4)
$4)\mathrm{T}\mathrm{h}\mathrm{e}$ ‘truncate’ Hamiltonian system [2].
$\mathrm{s})\rho$ T .
6) , [2] .
7) H\’enon-Heiles .
8) .
9) (q) $(\eta)$ .
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, (4) $K$ (q, $p$)
$G( \frac{\partial W}{\partial\eta},\eta)=K(q, \frac{\partial W}{\partial q})$ (up to degree-4) (5)
$(\xi, \eta)$ 4
$G( \xi,\eta)=\frac{1}{2}\sum_{j=1}^{2}(\eta_{j}^{2}+\xi_{j}^{2})+\sum_{k=3}^{4}G_{k}(\xi,\eta)$ $(6)$
10). , $W_{h}$ (q, $\eta$) $G_{k}(\xi,\eta)$ , $W$ (q, $\eta$) $G($ \mbox{\boldmath $\xi$}, $\eta)$ $k$ $(k=3,4)$ .
2.1 $K(q,p)$ (5) 4 $G($ \mbox{\boldmath $\xi$}, $\eta)$ 4 $\mathrm{B}\mathrm{G}$ , Poisson
$\{\frac{1}{2}\sum_{\mathrm{j}=1}^{2}(\eta_{j}^{2}+\xi_{j}^{2}),$ $G_{k}\}_{\xi,\eta}=0$ ($k=3$ ,4 (7)
. , { $\cdot,$ $\cdot 1\xi,\eta$ $(\xi,\eta)$ Poisson . $\blacksquare$
2.2 (4 $\mathrm{B}\mathrm{G}$ ) (1’) 3-PHO $K$ (q, $p$) , (5) (7)
$\mathrm{B}\mathrm{G}$ 4 $G($ \mbox{\boldmath $\xi$}, $\eta)$ ( $(6)$ ) . , (3) 2 $W(q,\eta)$
$W_{k}(q,\eta)\in \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}D_{q,\eta}$ $(k=3,4)$ , $D_{q,\eta}= \sum_{j=1}^{2}(q_{j}\frac{\partial}{\partial\eta_{j}}-\eta_{j}\frac{\partial}{\partial q_{j}}$). (8)
11). $\blacksquare$
2 , (1) $K$ (q, $p$) , $W$ (q, $\eta$) $G($ \mbox{\boldmath $\xi$}, $\eta)$ , $\rho$
$\mathrm{B}\mathrm{G}$ (5) ‘up to $\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}-\rho$’ , (7) (8) $k=3,$ $\cdots,$ $\rho$ .
, $\rho$ formal $\infty$ ( 1 ).
2.2 $\mathrm{B}\mathrm{G}$
$\mathrm{B}\mathrm{G}$ , $\mathrm{B}\mathrm{G}$ ( )$G(\xi, \eta)$ $\mathrm{B}\mathrm{G}$ (1)
( ) . , $G($ \mbox{\boldmath $\xi$}, $\eta)$ 3-PHO $K$ (q, $p$)
((1’)) $\mathrm{B}\mathrm{G}$ , $G($ \mbox{\boldmath $\xi$}, $\eta)$ $K$ (q, $p$) . , (3) (4)
, $-W$ (q, $\eta$) 3 12) , $(\xi, \eta)arrow(q,p)(p=-\partial(-W)/\partial q, \xi=-\partial(-W)/\partial\eta)$ ,
$K(q, -\partial(-W)/\partial q)=G(-\partial(-W)/\partial\eta, \eta)$ . , 4 $\mathrm{B}\mathrm{G}$
.
2.3 (4 $\mathrm{B}\mathrm{G}$ ) $\mathrm{B}\mathrm{G}$ 4 $G($ \mbox{\boldmath $\xi$}, $\eta)$ ( $(6)$ ) ,
$H(q, - \frac{\partial S}{\partial q})=G(-\frac{\partial S}{\partial\eta},\eta)$ (up to degree-4) (9)
4
$H(q,p)= \frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j}^{2})+\sum_{k=3}^{4}H_{k}(q,p)$ (10)
10)(3)-(4) , 1 , 2 (6) .
11) (8) $K$ (q, $p$) $\mathrm{B}\mathrm{G}$ $G($ \mbox{\boldmath $\xi$}, $\eta)$ [7]
12) $(\eta)$ (q) .
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. , $S$ (q, $\eta$ )
$S(q, \eta)=-\sum_{j=1}^{2}q_{j}\eta_{j}-\sum_{k=3}^{4}S_{k}(q,\eta)$ $(11)$
3 $(S_{k}(q, \eta):$ (q, $\eta$) $k$ $(k=3,4))$ ,
$S_{k}(q, \eta)\in \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}D_{q,\eta}$ $(k=3,4)$ (12)
. $\blacksquare$
$\rho$ , 2 .
3 3-PHO $\mathrm{B}\mathrm{G}$
3.1
\S 2.2 $\mathrm{B}\mathrm{G}$ 13). (9) 3 4)
$H_{3}(q,\eta)=(D_{q,\eta}S_{3})(q,\eta)$ (13)
,
$H_{3}(q,\eta)$ : 3 $\in \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}D_{q,p}$, $S_{3}(q,\eta)=((\tilde{D}_{q,\eta})^{-1}H_{3}(q,\eta))$ (14)
15). , $\tilde{D}_{q,\eta}$ $D_{q,\eta}$ image $D_{q,\eta}$ . (14) , (9) 4
14)
$H_{4}(q,\eta)=G_{4}(q, \eta)+$ ( $Dq$ , $\eta$S4)(q, $\eta$) $-\Psi$4 $(q, \eta)$ , (15)
$\Psi_{4}(q,\eta)=\frac{1}{2}\sum_{j=1}^{2}((\frac{\partial S_{3}}{\partial q_{j}})^{2}+\frac{\partial H_{3}}{\partial p_{j}}|_{(q}$
,7)




$H_{4}^{\mathrm{i}\mathrm{m}\mathrm{g}}(q, \eta)$ : 4 $\in \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}D_{q,p}$, $H_{4}^{\mathrm{k}\mathrm{e}\mathrm{r}}(q, \eta)=G_{4}(q, \eta)-\Psi_{4}^{\mathrm{k}\mathrm{e}\mathrm{r}}(q, \eta)$ , (17)
$S_{4}(q, \eta)=((\tilde{D}_{q,\eta})^{-1}(H_{4}^{\mathrm{i}\mathrm{m}\mathrm{g}}(q,\eta)+\Psi_{4}^{\mathrm{i}\mathrm{m}\mathrm{g}}(q, \eta)))$ (18)
. , $\mathrm{i}\mathrm{m}\mathrm{g}$ $\mathrm{k}\mathrm{e}\mathrm{r}$ $D_{q,\eta}$ . (14) (17)
, .
, $G($ \mbox{\boldmath $\xi$}, $\eta)$ $H$ (q, $p$)
. (13)-(18) ,
4 , , , .
(13)-(18) $\mathrm{A}\mathrm{N}\mathrm{F}\mathrm{E}\mathrm{R}(\underline{\mathrm{A}}\mathrm{l}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{m}$ for $\underline{\mathrm{N}}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{l}\underline{\mathrm{F}}\mathrm{o}\mathrm{r}\mathrm{m}\underline{\mathrm{E}}\mathrm{x}\mathrm{p}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$
and -Restoration) $[5,7]$ 16). , $\mathrm{B}\mathrm{G}$
$\mathrm{G}\mathrm{I}\mathrm{T}\mathrm{A}^{-1}$ , GITAN, LINA [3,4,8,9] ,
$17\rangle$ [10]
13) $\mathrm{B}\mathrm{G}$ [5] .
14)BG (7) $G_{3}($ \mbox{\boldmath $\xi$}, $\eta)=0$ . , $G_{4}($ \mbox{\boldmath $\xi$}, $\eta)\neq 0$ .
15) , $D_{q,\eta}$ .
16)BG . , web page $\mathrm{h}\mathrm{t}\mathrm{t}\mathrm{p}://\mathrm{y}\mathrm{a}\mathrm{n}\mathrm{g}.\mathrm{a}\mathrm{m}\mathrm{p}.\mathrm{i}$.kyotO-u. $\mathrm{a}\mathrm{c}.\mathrm{j}\mathrm{p}/\mathrm{u}\mathrm{w}\mathrm{a}\mathrm{n}\mathrm{o}/$ .




3-PHO $K$ (q, $p$) $\mathrm{B}\mathrm{G}$ ( 4 ) . ANFER






$+ \frac{1}{16}(f_{1}f_{3}\zeta_{1}^{2}\overline{\zeta}_{2}^{2}+f_{1}f_{3}\zeta_{2}^{2}\overline{\zeta}_{1}^{2}+f_{2}f_{4}\zeta_{1}^{2}\overline{\zeta}_{2}^{2}+f_{2}f_{4}\zeta_{2}^{2}\overline{\zeta}_{1}^{2})$ . (19)




$+\overline{a}$7zl $\overline{z}$I $\overline{z}2+\overline{a}$8z2$\overline{z}$1 $\overline{z}_{2}+\overline{a}$9z1 $\overline{z}_{2}^{2}+\overline{a}$10z2$\overline{z}_{2}^{2}$t (20)
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$+2(a3\overline{a}$1z2$\overline{z}_{1}^{2}+a4\overline{a}$24$\overline{z}_{1}^{2}+a_{7}\overline{a}_{5}z_{1}$z2 -a9 5z\leq $21-a_{8}\overline{a}_{6}z_{1}z_{2}\overline{z}_{1}^{2}$






$- \frac{5f_{2}f_{3}}{24}$ $(z_{1}^{2} \overline{z}_{1}\overline{z}_{2}+z1z2\overline{z}_{1}^{2}+z_{1}z_{2}\overline{z}_{2}^{2}+z_{2}^{2}\overline{z}_{1}\overline{z}_{2})-\frac{1}{6}(f_{2}^{2}z_{1}z_{2}\overline{z}_{1}\overline{z}_{2}+f3^{Z_{1}z_{2}\overline{z}_{1}\overline{z}_{2})}2$
$- \frac{1}{8}(f_{2}^{2}z^{\frac{}{1}}’\overline{z}_{2}^{2}+f_{2}^{2}z_{2}^{2}\overline{z}_{1}^{2}+f_{3}^{2}z_{1}^{2}\overline{z}_{2}^{2}+f_{3}^{2}z_{2}^{2}\overline{z}_{1}^{2})$ $- \frac{5}{48}(f_{2}^{2}z_{1}^{2}\overline{z}_{1}^{2}+f_{3}^{2}z_{2}^{2}\overline{z}_{2}^{2})$
$+ \frac{1}{16}(f_{1}f_{3}z_{2}^{2}\overline{z}_{1}^{2}+f_{1}f_{3}z_{1}^{2}\overline{z}_{2}^{2}+f_{2}f_{4}z_{1}^{2}\overline{z}_{2}^{2}+f_{2}f_{4}z_{2}^{2}\overline{z}_{1}^{2})$ (21)
4 . , $z_{j}=q_{j}+ip_{j}$ $(j=1,2)$ . $a_{\ell}(\ell=1, \cdots, 10)$ $c_{m}(m=$
$1,$ $\cdots,$ $13)$ . 2 , $H_{3}(q,p)$
$H_{4}^{\mathrm{i}\mathrm{m}\mathrm{g}}(q,p)$ $((14), (17)$ ). , 14,15)
, ( )46 ,
. .
4
4.1 3-PHO 4-PHO $\mathrm{B}\mathrm{G}$
\S 3 , 3-PHO 4-PHO18) $\mathrm{B}\mathrm{G}$ .
, 3-PHO $K$ (q, $p$)((1’) ) , (ap) $(c_{m})$ ((14),
(17) ) $H(q,p)$ 4-PHO .




(22) , 2 Bertrand-Darboux(BD) $[7, 11]$ 3-PHO
19). 3-PHO (22) , $\mathrm{B}\mathrm{G}$ 4-PHO $\mathrm{B}\mathrm{D}$
. .
4.2[11] $\delta$ 3 . $\delta$-PHO $(2\delta-2)$ -PHO $2\delta-2$ $\mathrm{B}\mathrm{G}$
, $\delta$-PHO 20) . $\delta$-PHO
$\mathrm{B}\mathrm{G}$ $(2\delta-2)$-PHO $\delta$-PHO . $\blacksquare$





, 3-PHO $\mathrm{B}\mathrm{G}$ $\lceil(22)$ ( $i.e$. )3-
PHO $\mathrm{B}\mathrm{G}$ 22) ? . ,
18) $\delta$ $\delta$-PHO . 4-PHO $\delta=4$ .
19) . . ‘generic’ $\mathrm{B}\mathrm{D}$ .





4 ( 4-PHO )
23). , $V_{4}$ (q) $q$ 4 , $A^{(j\rangle}(j=1,2)$ $q$ 2 ,
$Q(q,p)= \frac{1}{2}\sum_{j=1}^{2}\{(p_{J}-A^{(g)}(q))^{2}+q7$ $\}+V_{4}(q)$ (23)
. .




(24) , 3-PHO .
3-PHO 24) Ziglin [12] $2\mathrm{S})$ .
. 4-PHO .
, $3(fif_{3}+f_{2}f_{4})-(f_{2}^{2}+f_{3}^{2})<0$ , $\mathrm{B}\mathrm{G}$ 3–PHO
.
5
, $\mathrm{B}\mathrm{G}$ . ,
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